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Yiddish of the Day
-

dirt = Shantz = fine
to chat = shmooze = 084

to sweat = shrift I 91111



tensw-Produut.com/-Last-tmeiFor vector spaces V. . .

Um
,
W over IF we

saw that the
"

⊕
"

operation gave us the bijection

Multan -
-

✗Vn
,

Wl ≈LlVE
,

W )
f.Vix - - xvn.ae> W |-O III. A- ☒Un-owMoreover , we mentioned

• how we can find a basis for it

• how it
" behaves

"

with linear maps



I

let us now compute some examples .

Here is a quick comment
to note the basis of V W

• The thrm about ^ can be used to show certain

examples areÉ just by counting dimensions
.

However ! Sometimes the ¥ of the isomorphism
is more important Cia

,

what is the actual map)

en prove #☒ IF ≈ IF
Dimension

1PMUnivwsulpnpwtydm.CH④F) = dim UF) Define Ti #✗IF -0k to be

Fla
,
b) "ab .

Thus we get ! knewI
map A-☒ IF →IF that sends



/ Fca ☒67 sub . This is injective and
hence an isomorphism

(Rink : Compare the abwc to IF ④ IF )

ii) Prove that tiso V☒W≈W¥ that sends raw -0¥
"f) Define the map Vxw

WON

IV.w) → WON

NotethBisHine_ : Indeed
f-(V.+V1

,
W) = w ⑧little) = W ④V , t worth = HY

, W) tflvyw)

similarly flyW , twi) = flu ,wilt flu,we)
rflviw) = r(wow) = w ☒rv = f-(v.v,w)

= rw ⑧V

= fly rw)



->We get unique linen map

Ii vow - >WGN that sends

I crawl = war

Gns|erse : Define giwxv → V④W

glw,v7 : ✓☒w . Again this is bilinear
, so

we get lmew map that sends

flavor)=v⊕w

Cheats : I and Jar inverses of each other
!

→ § ; V⊕W →WQU is an isomorphism.



iii) let Vik , W be vector spaces over IF. . Pmi Fiso

IV. ⑦ V7 ☒ W IV. ④W ⑧ V2 W

that sends the simple tensor ↳ve) w → G. ☒W
,
Vaw )

Pf) Define f :* , ④Vu ) ✗W →V , ④W ① WOW

f-( (v.
,
ve)

,
W) = (V. Aw, vi. ④W )

Chad : this f- is bilinear .

- fC@vyv.1tcvi.vihwTEkfCcvyvu7.w7tfKuivi1.W )
-o get linen map

I :(Vi ④VD⑧W →V. 0W ④ Ve W

To define an inverse from the dmet sum we will define

two maps out of UAW and th ☒W



g.
'

iv. xw → (V. 0th) W
CV

,
,
W) 1-> (V , , 07

☒W

give ✗w → § , ④Uu) ☒W
Ive

,
w) -) (0 , Vul ☒ w

~> g. and gr an bilinear so we get 2 linear maps

§ , : V. ④VU -JCV, ④V7 ☒W
§ , (V.☒W) = Cw

, ,o) ☒w

5i.vn W -Kuan W

% Chow) = (que) w



Then we get a map

§ :@ aw) ⊕@⊕w) → (v. 0th) ④W

5-- 5. + %

§ ( Ev . Ws)
,
Cri Wv)) = § (V.☒wit give Wv)

= (V ,
,
07 ☒Wi f CO

,
VD Wz

Then we can show that

§ ◦f- ( (v.in a-w) = Chin ☒W

I

&" { jog ( (v , w .) ,
Cu Wu)) = ((v. ④Wil , Cui Wv ))



⇒ § is an isomorphism

exI 1123 Hi ≈
(11.20-1120-112) ☒ CRY =④ ☒ A) 0-(112*112) a-⑤④IRY

€112 HR R)) ④ (1120-(1120-112))
② (112*(1120-112))

= ROHR
'

ROHR PRAM AIR TR GR Dog 112-0112
= IR ⑧ IR Ar IR Ot 112 @ IR -0112=1126



iv) For V.
,
Vi
,
W 7! isomorphism

Kiev . ) ☒w →¥w
'

that sends the simple tensor chart www.o-sluoi-w)

lie
,
the ④ -product is ulm.)

Pf) Fix wow .
and define the map

fj V.✗V2 → v. ② Chow)

by cv.int 1-> A Ive W) .

Then this is
bilinear su this gives us a wall defined dmuw

map II.V. ④Vi → V. ☒ Cviotw)

II. 0th) = µ , (Vaan
)



-

Now define the map

g: V. Ava ✗W -o V1 ④ CV, ④W)

construct
#
! [v. a-v2

,
w) 1-> Flu , ④u) = v. ⑦IV.④W)

Clay: g is bilinear . This follows because I. is Imanᵈᵈ↑É
, hangmen map §:&, ☒Vu)⊕w→Vi ④

We W)

sending § ④V2) W) = V1 *(Vvaw) .

v1 Then is a well .de/medlmewisomw-phsnlRn01R
"

→ Mn HR)

sending a simple tensor

footer -product
" ) tow -0 fit

"

Pf ) Define the map F.RIRI>Mn 1B)



(vivo) to ÑÑ
"

. This is Hmar so get linen

map I :B
" IÑ →Mnllr)

Cei ☒g.) to eiej
"

= matrix with 1 in ij spot,
two everywhere else .

Sends basis to basis hence Isa

! There is a sense in which run vectors can- ✗a) c-④
"HÑ

Indeed choose a bus is Dtv
.

.vn) for V and let

9 c- V* . Then [ To is just a ✗_matrix lie, . . _ )

so column vectors =
"elements of IR

"
"

row vectors =
"
elements of ④"H

"

with this
,
and the last

prop in mind
,
consider

the following j



Pnp-iv-E.vn (1×71×1)
(Rmk-ithz.is how tensors often show

up in physics !)
Pf) Define map VxV* → LIV;v)

CV
,
9) 1-> T : V ->V

Tfw) : = gown ( Tyg /a)= Ycwlv )

.

This defines a function
NxV* → Law)

This is in - fact a hitman map
!

Smee few) (with) = 81W)v. t 91W)U
= Tv . Iw) t Tv, Iw)

Also [9
,
+8) (w) v = (9.CultKWTV

= 9, Cw)Vt Flw)V



-> get a linen map

V V* → LCVN)

Tet Tiv →V be an element of LIYV) . Write T as a

matrix Curt any basis) (T) = (ai;)

( that is 1-deal = Eainei )§i

Then consider the tensor

(this gives us a
map Livin

-Now
*) §. aijei ④ g.* E U ⑧ ✓

*

(these aij are the same as the components d- L )

FEI: If dmV=2 with [T]:(
a" a"

aw aw )



- s ane, ☒ e? + are, a- e.¥ + a, a ☒ eat + awe ☒e%
Now ( .

di; e. ☒E) (en) = Eaiue; = Tler.) by [☆)
-
i_

viewing as function now

Thus Livin -Nov* → LIYV)
T 1-0 Eaijei ☒g-

*
→ (Eaijei g-* ) C- )

is the identity

We denote this
map we get from the bijection

⇔)H=ya_



in) Generalize the above to show

% v☒w*≈ LCYW)

v1 Use Citi to prove
LlV⊕W ,

F) ≈ LIV, LCW.FI)

lie @④w)*?LCyw*))

FE.importent
"

Rink : Such an isomorphism as in Iu)
true more generally . Chatlengeproem !

Prove that for V.Wit vector spaces

Lcvoxw ,7) ≈ LIV, Lcwit))
(the famous "

⊕ - hom - adjunction
" ) )



ex) VHR
'

with standard boos cereal .
let's see what map Ñ→Ñ lie a 2×2 matrix)

corresponds to the tensors described below

lit .sc;) ≥ ✗

ie.ors.ce.asjcen-Yleiei-ei-e.org:( to )
• Ce, ②9) (ee) =

a

2) en ④ 9

• Cee⑧9)6,1=96 ,)eu=eu
e.as:(: :)• Cez⊕9)&z)= 0



For 9 :(§) - xty
1) be

. 9
He, 9)(a) =Ylei(347=34 3%0-9:( } })
•⑤e. ☒9) Ceu)=Yceik3e , )=3e ,

2) -240×92
• (-2*714)=-24

ideas ' ( ¥2 )•

Gerais)Ceu)= -24



3)FmdMG☒CY-g#


